Properties of Sum of Periodic Functions

Introduction.

Ruochen Fu

Lemma 1

This journal entry explores different properties,
constructions, and lematta about the sum of peri-
odic functions.

Specifically, these statements below, 4 statements
and 4 constructions:

Lemma 1. Sum two continuous periodic func-
tions with irrational ratio of periods is

not periodic. (Pg. 1to 2)

Constr. 1. Two periodic that sums to the identity

function. (Pg. 2 to 3)

Constr. 2. Sum of two continuous periodic func-
tions with irrational ratio of periods
that is periodic (Pg. 4),

Lemma 2. Quadratic functions cannot be ex-
pressed as the sum of two periodic

functions. (Pg. 4)

Constr. 3. Quadratic functions expressed as the

sum of three periodic functions.
(Pg. 50 6)
Lemma 3. nth order polynomial can not be ex-
pressed as the sum of n different peri-
odic functions (generalized Lemma 2)
(Pg. 6 to 7).
Constr. 4. nth order polynomial can be ex-
pressed as the sum of n + 1 different
periodic functions. (generalized Con-

str. 1and 3) (Pg. 7to 9)

Lemma 4. Exponential functions can not be ex-
pressed as the sum of any number of

periodic functions. (Pg. 9)

All the constructions relies on the Axiom of
Choice, or at least the Axiom of Choice on reals.

Keep in mind that all the constructions are
also strictly discontinuous everywhere, strictly
non-measurable under any normal measure, and
almost impossible to be plotted or graphed.

Defining forward difference:
A(n)f(z) = f(z +n) - f(z)
This is going to be used as a notational shorthand.

Lemma. Given that two continuous periodic
functions with irrational ratio of periods,

f(x —i—Tf) = f(x)
g(w +Tg)

¢
Tg

g9(z)

~
(@)

h = f 4+ g is not periodic, unless any of those
function are constant functions.

Proof. We can proof this by contradiction, first
assuming h is periodic, with period T},

Proposition 1.
A(Ty)h(z) = A(Ty)g(x) is constant

Proof. Observe that since f(x + Tf) = f(z),and
h consists of only f and g, we can have the
following observation.

Observation.

h(z+T;) —h(z) =g(z+T;) —g(z+Ty)

A(Tf)h(a:) = A(Tf)g(m)

Now observe some properties about this state-
ment.

» RHS(Right Hand Side) have period 7, y» since T
is only shifted then inputted into g which have
period T,

« LHS(Left Hand Side) have period T}, with the
same logic.



« Both sides are continuous, since it consists only
of sum of shifted and scaled continuous func-

tion f, g.

Since there is no continous function with two
distinct unique period. From these three proper-
ties, we can deduce that

A(Ty)h(z) | A(Ty)g(x)

is constant regardless of x.

Proposition 2.
A(Ty)h(x) = A(Tf)g(x) =0

Proof.

Ty

A(Ty)h(x) dx

=

S—

T,
h(x-l—Tf) dx—/o h(x)dz

T, +T;

T,
h(u) du — / h(z)dz
0

Ty

Now, using the periodicity of h, we can get the
following equality

T, +a T,
/a h(u)du = /0 h(u) du

Which means the two sides of the previous minus
side is strictly equal.

Therefore

T,
/ A(Tf)h(m) dz
0

= /OTh h(z)dz — /OTh h(z)dz

=0
|

Therefore, since continuity implies Riemann in-
tegrability, 7 must also be a period of g(). g()
is continuous, with two different periods, must
be a constant function too.

Q.E.D.

Construction 1

Lemma. Exist periodic function f and g, such
that f(z) 4+ g(x) = x, assuming axiom of choice,
or axiom of choice on the reals.

Proof. See below construction.

Construct f and g have to be period with irra-
tional ratio. Here let’s make two arbitrary choice.
land 7

Making another completely arbitrary choice
f(0) = ¢g(0) = 0, since shifting functions up and
down does not affect the periodicity.

From these two assumptions we can have the
following chain of reasoning.

1.
f(n) =0
g(nm) =0
(Using periodicity)
2.
f(nm) =nm
g(n)=n
(Since we need f(x) + g(z) = =,
and one side is garenteed 0)
3.

f(n+mm) =mn
gn+mn)=n
(Using periodicity, again)
(It satisfy our equation! Yay!)

The above is a valid construction for all of {n +
mm:n,m € Z}.
To extend this function to the set of reals, we can

first make the following observation.

Corollary. R can be split into non-intersecting
subsets of shifted versions of {n + mz : n,m €
Z}

A more constructive way to do this is just to use
equivalence classes.



Define a ~ b to be equivalent to the statement:

exists n,m € N,such that a —b=n+ mn

This satisfy all three properties about equiva-
lence relationships:

1. a—a=0+407
~an~ aforall a€R (reflectivity)

2. a—b=n;+mmand b—c=ny+mym

=a—c=(ny+ny)+ (my +my)m

~a~band b~ c= an~ c (transitivity)

3. a—b=n+mr=b—a=(—n)+(—m)m
~a~b= b~ a (symmetry)

As described by the Fundamental Theorem of

Equivalence Relations, equivalence classes corre-
sponds to partitions.

[a] ={a+n+mr:n,meZ}

With the axiom of choice, we can choose one
element from every one of the partitions / equiv-
alence classes [@], now using it for the pivot

fla) +g(a) = @

(This choice is again completely arbitrary,
you can choice any a + b = «)

and run the same logic as before.

1.
!
fln+a)=—=
2
glnt+a) = 2
2
(Using periodicity)
2.

f(n7r+a)=n7r+%

(04
g(n)—n+§

(Since we need f(x) + g(z) = =,
and one side is garenteed )

f(n—i—mw—i—a):mw—i-%

a
g(n+m7r+oz):n+§

(Using periodicity, again)
(It again satisfy our equation! Yay!)

The above is now a valid construction for all of
{a+n+mn:n,meZ}

Using this construction for all of the partitions we
already got, finding the union, we have success-
fully covered the entire number line.

Therefore, solved the functional equation for the
entire number line.

One way of explicitly writing the function out

could look like this:

,

br if ..., x=a+bxw
V2o _
f<$):<b7r+w2 ¥f...,x—a+b7r—|—\/§
br+ % if .,x=a+br+ o
(a if ...,z =a+bxw
V2 _
g(w)=<a+ 5 Tf...,:c—a+b7r+\/§
a+ 2 if.z=a+br+o

(Omitting the quantifier, Ja, b € Z,
3 meaning exists)
flz+1) = f(z)
g9(z +m) = g(z)
Q.E.D.



Construction 2

Lemma 2

Lemma. Exists two continuous periodic func-

tions with irrational ratio of periods that sums to
a periodic function.

Proof. We can reuse the previously constructed
equivalence relationship.

r=n+mr+q,

[z]={n+mr+a:nmecZ}

Now, again, uses the axiom of choice to uniquely
choose one possible pivot of o for each of the

equivalence relationship. Making all real num-

bers have an unique representation in form
r=n+mr+a:nméeZ

With this representation, we can easily construct
f and g to satisfy our condition:

flx)=f(n+mr+a)=n
9(z) = gln+mr +a) = —m

Observe that f have period m, whilst g have
period 1.

fle+m)=fln+(m+r+a)=n
grx+l)=g((n+1)+mr+a) =—m

(Observe that the RHS is the same as above)

(We have the same pivot « as all those numbers

are in the same equivalence class)
(Uniquely chosen previously)

At the same time, their sum have period 1 + 7

fle+1+m) +g(z+1+m)
=f((n+1)+(m+1)7+ )
+g((n+1)+ (m+ 17+ a)
=n+1)—(m+1)
= f(z) + g9(z)
Satisfying our Lemma.

Q.E.D.

Lemma. The function f(z) = 22

bly be expressed as the sum of two periodic

cannot possi-

functions.

Proof. Proof by constradiction.

Assuming it is possible to expressed f(z) = z2 as

periodic g(z) + h(z), with period a and b, then
we can construct
f(z+a) = f(z)

=a? + 2azx

=9(z+a)—g(a) + f(z +a) — f(a)
Notice that g(z + a) — g(a) = 0, from the peri-
odicity.
Which gets us to

f(zx+a) — f(a) = a® + 2ax

LHS have have period b, RHS is a linear function.
They can not possible be equal and this statement
can not possible be true.

We formed a contradiction, so therefore the orig-
inal statement is false.

Q.E.D.



Construction 3

Lemma. Exist periodic function f and g, h, such
that f(z) + g(z) + h(z) = 22, again, assuming
axiom of choice, or axiom of choice on the reals.

Proof. We start with constructing a new equiva-
lence class, similar to the previous one. But this
time, instead with three different arbitrary linear-
independant numbers.

Define a ~ b to be equivalent to the statement:

exists n,m,o0 € N,

such that a —b=n+mm + op

This equivalence class splits the set of reals into
disjointed shifted copies of

{n+mm+op:n,m,oecN}

and each real belongs to exactly one of the equiv-
alence classes

[z] ={n+mr+o0p+a:n,moeN}

Again applying the axiom of choice, we can again
make all real numbers have an unique represen-
tation in the form

r=n+mr+op+a:nm,o0€eN

For our final target sum, (x?), we can express it
by squaring our representation.

2?2 = (n+mm+ op + )?

2 2

Te=n +nmm +nopy +na

+man +m?r? 4+ mmop + mra

+ opn +opmm + 02902 + opa

+an +amm +aop +a?

:’]’L2

+ 2nmm + m2r?
+ 2nop + 2mopm + 0% p?

+2an  +2amm +2a0p + a?
Here, the path diverge a bit from the previous

proof. Observe that each of the terms in our
target result actually have their own periodicity.

We can categorize them into the below cate-
gories:

We can treat « as the constant term when we stay
in the same equivalence class. Therefore it have
three different periods, 1,7, ¢

a? remain same when = = = + n + mm + op

Each of the single variable term have two periods.
(still, as previously stated, considering o as a
constant)

n? and an :z = T+ mmw+ op

m2andam:z=z+n +op

2

0 andao :xz=>x+n +mnw

On the other hand, every term relying on two
variables have only one periods, which is the in-
tersection. Since for each variable when the input
is changed by any of the two periods, the value
doesn’t change, and none of their components
will change when you take the intersection.

mo stays the same when x = z +n
no stays the same when x = = + mn

nm stays the same when z = = + op

With these three observations, we can now quite
easily construct our three functions, with our
three different chosen periods, 1, 7, ¢.

Start by putting all terms with just a single period
into our designated function.

f(z) = f(n+mm+op + a)

= 2mopm + ...

g(z) = g(n +mm + op + )
= 2noyp + ...

h(z) = h(n + mm + op + )
=2nmm + ...

For the terms with two different periods. We can
put them into whatever function with the desig-
nated period we want, or even split them into
two. A more regular example would be :
f(x) = f(n+ mnr + op + )
= 2mopn + m2n? + 2amn
g(z) = gn+ mr + 0p + )
= 2noyp + 0%¢? + 2009



h(z) = h(n + mm + op + )
= 2nmm + n? + 2an

Whilst a random irregular example that can still
work as a solution could be:

fn+mm+op + )
= 2mopn + m?n? — 2amm + (1 — \/§)o2g02

g(n+mm+op+ a)
1
= 2n0¢p + V2020% 4+ ao + §n2
h(n +mm + op + )

2
= 2nmm + gnQ + 2an + 4damm

(Yes this is a bit absurd,
but it still sums to the same thing as above,

as well as having the same periodicity)

Lastly, we can put our last “constant” term any-
where we want:

f(z) = f(n+mm+op + a)

1
= 2moypm + m27? + 2amn + §a3

g9(z) = g(n +mm + op + a)
1
= 2nop + 02¢? 4 2a0p + §a3
h(z) = h(n + mm + op + )

1
= 2nmm + n? + 2an + gas
Here I'm splitting it equally to make my result
symmetric, and with this, we have successfully
constructed three periodic functions, that sums
to the cubic function.

Q.E.D.

Lemma 3

Lemma. Any nth degree polynomial cannot be
expressed as the sum of n periodic functions (or
any lower).

Proof. First we need to introduce an observation:

Observation. Forward difference reduces the or-
der of the polynomial by 1.

Proof. For any terms,
(x+h)" — ™

is the forward difference. LHS can be factorized
with the binomial theorem:

(x + h)"
- ;<k>xnkhk

= (g)x" + (T)x”—thr (Z):c”_2h2 + ...

Observe that since () = 1, the highest term is
always 12", and when we reduce by z”, the
highest term always get cancelled out. Therefore
the result of the forward difference can not pos-
sibly have the highest term, therefore having 1
less order.

With this observation, we can proof our state-
ment by contradiction.

Assuming it is possible to expressed polyno-
mial P as the sum of n periodic functions

f17f27f37 7fn andperiOdp17p27p37 <y P,

We can choose one of the period like p,,, then
construct

-

s
Il
—

Pz +p,,)— P@)=) fi(z+p,) — fi(z)

Observe that in this situation, LHS is an n — 1th
order polynomial, whilst on the RHS is n — 1
periodic functions, since f,,, have been cancelled.



f (@ +Pp) = frn () =0

Repeating this procedure, we can obtain with
the result that a quadratic can be expressed by
two periodic function(previously disproved in
Lemma. 2), and even one linear function can be
expressed by one periodic function (yeah no def-
initely not)

We formed a contradiction, so therefore we have
disproved our original statement.

Q.E.D.

Construction 4

Lemma. For every polynomial with degree n,
there exist n» + 1 many periodic function thats
sums to it, again, assuming axiom of choice, or
axiom of choice on the reals.

Proof. We first start by finding n 4+ 1 many co-
algebraic independant numbers.

We, again, start with constructing a new equiva-
lence class, similar to the previous one. But this
time, instead with n + 1 different arbitrary co-
algebraic-independant numbers, meaning that
they are far apart enough. For example 1, 7, e, ¢.

To generate infinite many of them systematically
explicitly in our construction, we can taking the
logarithm of primes.

{In(p,,) : n € N}
{In2,In3,In5,In7,In11,...}

Defining new a ~ b to be equivalent to the state-
ment:

exists l1,1y,...,0,,1 CN,

n+1
such that a — b = l,Inp,

=1

=lIn2+4+1,In3+ ...

This equivalence class splits the set of reals into
disjointed shifted copies of

{iiyln2+1,In3+...:13,ly,...,0,,1 €N}

and each real belongs to exactly one of the equiv-
alence classes

[x] = {OA —+ ll In2+...: l1,l25 "'7ln+1 € N}

Again applying the axiom of choice, we can again
make all real numbers have an unique represen-
tation in the form

r=a+l{In2+0;In3+...+1,, ;Inp,,

with a again being the constant term.

The construction follow the same logic as before,
we are going to factorize our x™, using the multi-
nomial theorem, a generalized version of the



binomial theorem, of which takes the following
form:

n! n n
T+ tx,) = — Tyt
( 1 t) anlnt' 1 t
n+ny+--+n,=n0<n,<n
Rephrasing it, this means that
(T + ... +2,)"

factorizes into all the terms such

n! n, m,
—xl --.It

with positive n; that sums to n.

For example for our previous construction for 2,
whichisn = 2 and t = 4. We get

(79 + 2y + z3 + $4)2

2 n n n n
=D o e e
ny!nylnglng

ny+nyg+ng+n,=2,0<n,<n

Which contains the terms:

2 2,
+Ix1m2 + 5:1:2
2 2 5
+Iacla:3 + Im2m3 + 5303
2 2 9
+Iw1w4 + 1%2%4 + T%3%4 + 5%
= _’E%

+2z,7y + 72

+22,75 + 22975 + T2

+2z,7, + 2297, + 2237, + 22
Perfectly resembelling our previous factorization

in Constr. 3.

For our factorization here, we are factorizing the
sum of n + 2 different variables to the power of
n. The variables include the constant,

a7
and n + 1 different independant numbers

lyIn2, [;In3, I3In5, ..., [,,1Inp,

Putting that into the formula, this means that we
will have all terms with form

nyleng, ol

x a™ (I3 1In2)"(I5In3)™ ... (1,1 Inp,, )" ™"

Therefore, now, the question is equivalent to cat-
egorize every single one of these terms into n +
1 different periodic functions, similar to before.

So why is this always possible?
Let’s closely analyze the periodicity of each term.

First, obviously, that the coefficient, containing a
bunch of factorials does not change the periodic-
ity of the term. So we can happily strip that away.

a™ (1 1n2)"2 (I n8)" .. (I In Py )"

Now, again, using the same argument as before,
since « is constant within the entire equivalence
class, we can see that it will not remove any
possible periods from the later terms, we can also
happily strip that away too. This turns our term
into

(1 1In2)"2 (1, In3)"™...(1, 1 Inp,, ) """,
with
Ng+ng+..+n,,,<n; 0<n,<n
Since our original statement is equivalent to
Ng+ng+..+n,,,=n—ng; 0<n, <n,
and now the non-negative n; is no longer re-
quired.

Now, away from all the distractions, we can ana-
lyze the periodicity of each term easily.

Observe that
l,,Inp,,

have periodicity of all of the Inp, except for o =
m, for the simple reason that any increase of the
variable & by any other of the Inp, will lead to
z being in the same equivalence class and some
other [, being increased by 1. This fact should be
quite apparent to your if you have been reading
from the start.



While at the same time, taking the exponent of
a term doesn’t change the periodicity (as long as
it’s not 0)

Therefore we can see that each of the term
(1, Inp,,)" removesIn p,, from the period when
n # 0, as obviously

when z = z +Inp,,,
(I, Inp,,)" = ((I,, + 1) Inp,,)"
Which means therefore

(11 1n2)"2 (I, In8)™ ... (141 Inpyyy )™,

have the periodicity including all the Inp,,, ex-
cept for the all n;, > 0.

But also remember that

Ng +Ng+ ... +Mpip <n; 0<n; <.

Together with this, we are finally at our final
step. Observe that left hand side is n + 1 integers,
whilst the right side says the sum can at most be
n. With the pigeonhole principle, we can see this
means that the LHS have at one 0, which means
that there is at least one periodicity in form In p,,
that haven’t been excluded.

This means every term after the factorization
have at least one period in form In p,,, of which
we only have n + 1 many of.

We can put every term into the periodic function
with the corresponding period of In p,,, of which,
again, we only have n + 1 number of.

Therefore, any factorizations for any polynomial
with order n, can be split into n 4+ 1 many peri-
odic functions!

Q.E.D.

Lemma 4.

Lemma. e” can not be expressed as the sum of
any finite number of periodic functions.

Proof. Prove by contradiction.

Assuming that it is possible to express e” as the
sum of at least n of periodic functions.

Then we can choose one of the period functions
and cancel it out with

ez+p — e

(with p being the period)

Supposedly this new function can be expressed
asn — 1 many periodic functions, but at the same
time:

6x+p*€x:€x+€p*6x

= (eP —1)e”

That same expression is a multiple of e”. This
means e” can be expressed by n — 1 many peri-
odic functions, contradicting with our original
statement. Therefore, it must be false.

Q.E.D.
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